Introduction
In this paper we continue the work begun in [13] by proving a precise analog of Schmid's Nilpotent Orbit Theorem for admissible variations of gradedpolarized mixed Hodge structure V → ∆ * and study analogs of the harmonic metric equations for variations of gradedpolarized mixed Hodge structures. Our geometric motivation rests upon the following observation of Deligne [19] : Let f : X → S be a surjective, quasiprojective morphism. Then, the sheaf V = R k f * (C) restricts to a variation of graded-polarized mixed Hodge structure over some Zariski-dense open subset of S. Consequently, one can hope to understand certain geometric properties of the morphism f : X → S in terms of the associated variation V.
The general outline of this paper is as follows: We begin §2 with a review of the basic properties of the classifying spaces of graded-polarized mixed Hodge structures M = M(W, S, {h p,q }) constructed in [13] . Next, we explain how the isomorphism class of a variation of graded-polarized mixed Hodge structure V → S may be recovered from the knowledge of its monodromy representation:
ρ : π 1 (S, s 0 ) → GL(V s 0 ), Image(ρ) = Γ and its period map ϕ : S → M/Γ
Following [10] , we then construct a natural hermitian metric h on M which is invariant under the action of the Lie group G R G R = { g ∈ GL(V R ) W | Gr(g) ∈ Aut(S, R) } Remark The Lie group G R defined above only acts transitively upon the real points of M [i.e. the points F ∈ M for which the corresponding mixed Hodge structure (F, W ) is split over R].
In §3, we turn our attention to filtered bundles, and define what it should mean for a hermitian metric h on a flat, filtered bundle (E, W, ∇) to be filtered harmonic. Our basic result is that every variation of graded-polarized mixed Hodge structure supports such a metric. More precisely:
Theorem 3.8 The mixed Hodge metric h carried by a variation of gradedpolarized mixed Hodge structure V is filtered harmonic.
To better understand this notion of filtered harmonicity, we define what it should mean for a triple (E, W,∂ + θ) to be a filtered Higgs bundle, and show that every variation of graded-polarized mixed Hodge structure V → S gives rise such a bundle via the methods of [13] . To further justify these definitions, we then proceed to prove that every filtered Higgs bundle which arises from a variation of graded-polarized mixed Hodge structure in this way is a fixed point Simpson's C * action:
(E, W,∂ + θ) λ → (E, W,∂ + λθ) (3.12) We also prove the following partial converse:
Theorem 3.18 Let (E, W,∂ + θ) be a filtered Higgs bundle defined over a compact, Kähler base space X. Then, E arises from a complex variation of graded-polarized mixed Hodge structure if and only if
(1) E is a fixed point of the C * action (3.12).
(2) The monodromy representation of Gr W is semisimple.
In §4, we recall the notion of an admissible variation of graded polarized mixed Hodge structure and give a careful proof of the following result of P. Deligne (ii) The nilpotent orbit F nilp (z) = exp(zN ).F ∞ defines a holomorphic, horizontal map C →M. Moreover, there exists α > 0 such that F nilp (z) ∈ M whenever Im(z) > α.
(iii) Let d M denote the distance function determined by the mixed Hodge metric h and
F (z) = e zN .
ψ(s)
denote the twisted period map of V defined by the rule s = e 2πiz . Then, there exist constants K and β such that:
for all z ∈ U with Im(z) sufficiently large.
Remark In general, the classifying spaces of graded-polarized mixed Hodge structure M = M(W, S, h p,q ) studied in [13] 
for all z ∈ U with Im(z) sufficiently large. Now, as indicated in our opening remarks, both this paper and [13] are part of a larger effort, the aim of which is to provide a general framework in which to study variations of graded-polarized mixed Hodge structure. In particular, the work presented herein is incomplete with respect to:
(1) The development of a precise analog of Schmid's SL 2 Orbit Theorem for admissible variations of graded-polarized mixed Hodge structure.
(2) The computation of the curvature tensor of M.
To address such concerns, we indicate our progress to date on each of these problems:
The first item, namely the SL 2 Orbit Theorem, will be the topic of a followup paper with A. Kaplan.
The second item, namely the computation of the curvature tensor of M and the Deligne Hodge bundles
may be found in [12] , additional details of which will be published elsewhere.
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Preliminary Remarks
In this section we review some background material from [19] and [13] .
Definition 2.1 Let S be a complex manifold. Then, a variation V → S of graded-polarized mixed Hodge structure to consist of a Q-local system V Q over S equipped with:
(1) A rational, increasing weight filtration
(2) A decreasing Hodge filtration
A collection of rational, non-degenerate bilinear forms
satisfying the following mutual compatibility conditions:
(a) Relative to the Gauss-Manin connection of V: As discussed in [13] and elsewhere, the data of such a variation V → S may be effectively encoded into its monodromy representation
and its period map
To obtain such a reformulation, observe that it suffices to consider a variation V defined over a simply connected base space S. Trivialization of V relative to a fixed reference fiber V = V s 0 via parallel translation will then determine the following data:
(1) A rational structure V Q on V .
(2) A rational weight filtration W of V . (4) A collection of rational, non-degenerate bilinear forms
subject to the restrictions: (a) The Hodge filtration F (s) is holomorphic and horizontal, i.e.
relative to any choice of holomorphic coordinates (s 1 , . . . , s n ) on S.
(b) Each pair (F (s), W ) is a mixed Hodge structure, graded-polarized by the bilinear forms {S k }.
Conversely, the data listed in items (1)-(4) together with the restrictions (a) and (b) suffice to determine a VGPMHS over a simply connected base. To extract from these properties an appropriate classifying space of graded-polarized mixed Hodge structures, observe that by virtue of conditions (a) and (b), the graded Hodge numbers h p,q of V are constant. Consequently, the filtration F (s) must assume values in the set
consisting of all decreasing filtrations F of V such that
• (F, W ) is a mixed Hodge structure, graded-polarized by S.
•
To obtain a complex structure on M, one simply exhibits M as an open subset of an appropriate "compact dual"M. More precisely, one starts with the flag varietyF consisting of all decreasing filtrations F of V such that
To take account of the weight filtration W , one then definesF (W ) to be the submanifold ofF consisting of all filtrations F ∈F which have the additional property that
As in the pure case, the appropriate "compact dual" is the submanifolď M ⊆F(W ) consisting of all filtrations F ∈F(W ) which satisfy the first Riemann bilinear relation
In particular, the compact dualM will contain the set and
Then, as shown in [13] , the group G R acts transitively on M R while its complexification 
To measure distances in M, we shall now describe the construction of a natural hermitian metric h carried by the classifying space M. For the most part, our presentation follows the unpublished notes [10] . To motivate this construction, recall that in the pure case, there are essentially two equivalent ways of constructing a natural hermitian metric on the classifying spaces D:
(1) Use the fact that G R acts transitively on D with compact isotopy to define a G R -invariant metric on D.
(2) Use the flag manifold structure of D and the Hodge metric
to induce a hermitian metric on D.
The problem with using the first approach (1) in the mixed case is that (a) Although G F R is still compact, the group G R does in general act transitively upon M. Thus, in order to construct a natural hermitian metric on M, one should (at least initially) abandon the first approach and try instead to construct a natural generalization of the Hodge metric. 
which is invariant under the action of
Proof. By Theorem (3.13) in [13] , we have a natural isomorphism
at each point F ∈ M. Consequently, we may define a hermitian metric on M by the rule:
To see that G R act by isometries with respect to h, one simply computes using (2.6). q.e.d. 
(2) Hodge numbers:
(3) Weight filtration:
Then, M is isomorphic to C via the map
Moreover, relative to the mixed Hodge metric, the following frame is both holomorphic and unitary:
Consequently, the classifying space M is necessarily flat (relative to the mixed Hodge metric).
Remark ( 
where M ∼ = C is the classifying space of Example (2.7).
As a prelude to §4, we shall now recall the definition and basic properties of the relative weight filtration [19] . Thus, for the remainder of this section we shall let V denote a finite dimensional vector space defined over a field K of characteristic zero. Theorem 2.9 Given a nilpotent endomorphism N : V → V , there exists a unique monodromy weight filtration
• The induced maps N j : Gr
Example 2.10 Let ρ be a finite dimensional representation of sl 2 (K) and
denote the images of the standard generators (n − , y, n + ) of sl 2 (C). Then, by virtue of the semisimplicity of sl 2 (K) and the commutator relations
it follows that:
To obtain a converse of the construction given in the preceding example, recall that a grading Y of an increasing filtration W of a finite dimensional vector space V may be viewed as a semisimple element of End(V ) such that
for each index k ∈ Z. In particular, set Y(W ) ⊂ End(V ) consisting of all gradings Y of a fixed, increasing filtration W of V is an affine space upon which the nilpotent Lie algebra 
Sketch. The construction of Example (2.10) defines a map f : S ′ → S by virtue of (2.11) and the standard commutator relations of sl 2 (K). To obtain a map g : S → S ′ such that
one simply considers how the Jordan blocks of N interact with the grading H of W (N ).
Definition 2.13 Given an increasing filtration W of V and an integer ℓ ∈ Z the corresponding shifted object W [ℓ] is the increasing filtration of V defined by the rule:
Theorem 2.14 Let W be an increasing filtration of V . Then, given a nilpotent endomorphism N : V → V which preserves W , there exists at most one increasing filtration of
with the following two properties:
• For each index k, r W induces on Gr W k the corresponding shifted monodromy weight filtration
Proof. See [19] .
q.e.d.
Following [19] , we shall call r W (N, W ) the relative weight filtration of W and N . To relate this filtration with sl 2 (K), we may proceed as follows:
Then, each choice of grading Y of W which preserves r W determines a natural representation ρ :
denotes the decomposition of N relative to the eigenvalues of ad Y .
Proof. By virtue of the definition of the relative weight filtration and the mutual compatibility of r Y with Y , it follows that the induced map
Thus, application of Theorem (2.12) defines a collection of representations
which we may then lift to the desired representation ρ :
is the decomposition of an endomorphism α ∈ End(V ) W according to the eigenvalues of ad Y then the lift of 
Higgs fields, Filtered bundles and Harmonic metrics
The goal of this section is to establish analogs of Simpson's correspondence between Higgs fields and harmonic metrics in the category of filtered bundles (E, W, ∇). In particular, we shall be interested in analogs of the standard harmonic metric equations which incorporate the action of the Gauss-Manin connection ∇ of E upon the weight filtration W . Our motivation is as follows: By [13] , every variation of graded-polarized mixed Hodge structure is also a Higgs bundle. However, unlike the pure case, such variations will not in general admit a harmonic metric because their monodromy representations need not be semisimple. Moreover, because the standard harmonic metric equations do not detect extension data, such equations are in fact a priori ill suited to the study of variation gradedpolarized mixed Hodge structures.
To see that such a generalization of Simpson's work is indeed feasible, let us consider the "worst case scenario", namely a unipotent variation V. Then, by theorem (5.30) of [13] , we know the variation V can be reconstructed from the following data:
• The Gauss-Manin connection ∇.
• The higgs field θ of V.
• A single fiber V 0 of V.
Consequently, a suitable notion of harmonicity is all we need in order to begin extending Simpson's paradigm to filtered bundles.
To derive such equations for hermitian metrics on filtered bundles, let us now recall some of the details of Simpson's correspondence:
Construction (Simpson) Let X be a compact Kähler manifold and D be a flat connection on a complex vector bundle E → X. Then, each choice of a hermitian metric h on E determines a unique decomposition
of D by the following two requirements
• The connectionδ + δ preserves the metric h.
• D 1,0 = δ + θ.
Moreover, the operatorδ + θ is of Higgs type if and only if the metric h is harmonic, i.e. h is a critical point of the energy functional
h → X ||Dh|| 2 dV
Conversely, a hermitian metric h on a Higgs bundle (E,∂ + θ) determines a flat structure on E by inverting the above process if and only if h is Hermitian-Yang-Mills and the Chern classes of E vanish.
Remark As discussed in [16] 
Consequently, we may use the hermitian metric h to decompose the flat connection ∇ of E into a sum of three factors
such that
• d h is a connection preserving the eigenspaces of Y h .
• τ − and θ − are nilpotent tensors of type (0, 1) and (1, 0) respectively. Now, in order to ensure that our generalized notion of harmonicity is compatible with Simpson's correspondence, let us observe that an ordinary flat bundle (E, ∇) may be promoted to a flat, filtered bundle (E, W, ∇) by picking an integer ℓ ∈ Z and defining a weight filtration W on E by the rule:
Consequently, a necessary condition for a hermitian metric h on (E, W, ∇) to be filtered harmonic should be that h induce harmonic metrics on each layer of Gr W . Turning now to the question of extension data, let us suppose the base space of our flat, filtered bundle (E,
such thatδ + θ 0 is an operator of Higgs type. In particular, upon taking note of the proof of Theorem (5.1) in [13] , it becomes clear that we should require the pair of operators:
to define another operator of Higgs type. To construct examples of such metrics, recall from §2 that every variation of graded-polarized mixed Hodge structure V carries a natural mixed Hodge metric h which is uniquely characterized by the following two properties:
(A) The Deligne-Hodge decomposition V = p,q I p,q is orthogonal with respect to h.
(B) If σ 1 and σ 2 are sections of the C ∞ subbundle I p,q ⊆ V then
Theorem 3.8 The mixed Hodge metric h carried by a variation of gradedpolarized mixed Hodge structure V is filtered harmonic.
Proof. In essence, this theorem is true by design. More precisely, the mixed Hodge metric h must satisfy the gradedharmonicity criterion of definition (3.7) since it induces the standard Hodge metric on Gr W . Likewise, because the grading Y h associated to the mixed Hodge metric h is just the usual Deligne grading considered in §2, we get condition (3.6) for free using equation (5.20) in [13] .
To continue our development of Simpson's paradigm, let us define a filtered Higgs bundle to consist of a filtered bundle (E, W ) endowed with a Higgs bundle operator∂ + θ preserving W , i.e.
In particular, making use of this definition and the results of [13] , the following result becomes automatic: Proof. The only thing to check is that∂ + θ preserves the weight filtration W, which is manifestly clear from the proof of Corollary (5.21) in [13] . q.e.d.
In addition, because the Higgs bundle structure∂ + θ of Theorem (3.9) arises via system of Hodge bundles, we also obtain the following result: Corollary 3.10 Let λ be an element of C * and (E, W,∂ + θ) be a filtered Higgs bundle constructed via the method of Theorem (3.9). Then,
Proof. By construction, our Higgs bundle structure∂+θ arises via a system of Hodge bundles, namely the decomposition:
defined by the rule:
Therefore, as noted by [17] , the automorphism
is in fact an isomorphism of Higgs bundles
To check that f preserves the weight filtration W , and hence defines the desired isomorphism of filtered Higgs bundles, note that by construction, the automorphism f preserves each summand of the decomposition
To better pin down this class of Higgs bundles which are fixed points of the C * action
let us recall the following three definitions:
Definition 3.13 A complex variation of Hodge structure consists of the following data
satisfying Griffiths horizontality, i.e.
Definition 3.15 Let (E, ∇, {U p }) be a complex variation of Hodge structure. Then, a flat hermitian bilinear form
(1) The decomposition (3.14) is orthogonal with respect to Q. (1) A weight filtration W which is compatible with the decomposition (3.14) in the sense that for each index k, the triple
is an unpolarized complex variation of Hodge structure.
(2) A collection of parallel hermitian bilinear forms {Q k } which polarized the complex variations of Hodge structures induced on Gr W by equation (3.17) .
Theorem 3.18 Let (E, W,∂ + θ) be a filtered Higgs bundle defined over a compact, Kähler base space X. Then, E arises from a complex variation of graded-polarized mixed Hodge structure if and only if
Proof. By virtue of equation (3.17), every complex variation of gradedpolarized mixed Hodge structure defines a filtered Higgs bundle (E, W,∂ + θ)
In addition, a quick review of the proof of Corollary (3.10) shows that this filtered Higgs bundle is necessarily a fixed point of (3.12) since it arises via a system of Hodge bundles which are compatible with W . Moreover, by the work of Simpson, the vector bundle Gr W must have semisimple monodromy since the base space X is compact Kähler. To establish the converse, select an element λ ∈ C * which is not a root of unity, and consider the characteristic equation
of the associate bundle automorphism
Now, by standard complex manifold theory, the coefficients of (3.19) are holomorphic functions on the compact manifold X, and hence constant. Accordingly, we may decompose E into a collection of C ∞ subbundles
representing the generalized eigenspaces of (3.19). Moreover, this decomposition is necessarily compatible with the weight filtration W since the automorphism f preserves the weight filtration W by (3.20) .
To construct the required graded-polarizations, observe that Gr W is a Higgs bundle over a compact, Kähler base which has semisimple monodromy and vanishing Chern classes. Consequently, by the work of [17] , Gr W has the structure of a polarized, complex variation of Hodge structure which is essentially unique (i.e. well defined up to a shift of the indices appearing in (3.14) ). In particular, after making a suitable shift of indices in (3.14), we can make this complex variation Hodge structure on Gr W coincide with the complex variation of Hodge structure induced on Gr W by (3.21).
Remark Let E be a complex variation of graded-polarized mixed Hodge structure defined over a compact, Kähler base. Then, a sufficient condition for E to support a filtered harmonic metric is that there exists a grading Y of W which preserves the decomposition (3.14). To establish this fact, suppose that E has such a grading Y. Then, in analogy with the construction of the mixed Hodge metric, we may construct the desired filtered harmonic metric h by pulling back the harmonic metrics of Gr
W via Y.
Admissibility Criteria
Let V → S be a variation of graded-polarized mixed Hodge structure andS be a compactification for which the divisor D =S − S has at worst normal crossings. Then, in sharp contrast to the pure case, the associate period map ϕ : S → M/Γ may have essential singularities along D, as can be seen by considering the simplest of Hodge-Tate variations:
To rectify this problem, let us return to our prototypical example
defined by a quasi-projective morphism f : X → S. Then, as conjectured by Deligne and proven by [19] and others, the Hodge filtration F of V extends to a system of holomorphic subbundles which filter the canonical prolongatioñ V →S of V. Thus, comparing the asymptotic behavior of (4.1) and (4.2), we see that a minimal condition required in order for an abstract variation V to be akin to a geometric variation is that:
(i) The Hodge filtration F extend to a system of holomorphic subbundles filtering the canonical prolongationṼ.
Moreover, as shown by Deligne using ℓ-adic techniques, the geometric variations (4.2) are subject to a very subtle condition which greatly restricts their local monodromy. Namely, if W is the weight filtration of V, then:
(ii) The relative weight filtration r W = r W (N, W ) exists for each local monodromy operator T = e N : V → V.
Consequently, on the basis of such considerations, we shall adopt the terminology of [19] and call an abstract variation V → ∆ * admissible provided it satisfies conditions (i) and (ii). Turning now to the main result of this section, let r Y be a grading of the relative weight filtration r W = r W (N, W ) which is compatible with N and W in the following sense: Proof. We begin by selecting a grading Y 0 of W which preserves r W , and recalling that by [2] , the group 
Consequently, by (4.7), the decomposition
To (upon decomposing N relative to ad(Y k−1 )), it is natural to assume that our element g is of the form
(again, relative to the eigenvalues of ad(Y k−1 )). Imposing condition (4.10), it follows that we may take g to be of this form if and only there exists a solution γ −k of the equation:
To find such an element γ −k , one simply observes that
To prove the grading Y so constructed is unique, suppose that Y ′ is another such grading and write Y ′ = g.Y with
relative to ad(Y ). Therefore, upon applying Ad(g −1 ) to both sides of equation (4.8), we see that
and hence, we also must have
In addition, by combining the observation that r Y preserves the eigenspaces of Y with the fact that g ∈ G • fixes r Y , it follows that we must also have
Thus, γ −k is a solution to (4.12) which is of weight k > 0 relative to the representation (ad(N 0 ), ad( r Y − Y ), ad(N + 0 )). By standard sl 2 theory, we therefore have γ −k = 0, contradicting our our assumption that g = 1. q.e.d.
Remark [Deligne]
• Regarding the decomposition (4.4), note that (4.6) is equivalent to the assertion that
since N −k is of degree (k − 2) relative to ad( r Y − Y ) and the triple (4.3) defines a representation of sl 2 . In particular, N −1 = 0.
• The construction of Theorem (4.5) is compatible with tensor products, directs sums and duals.
• The construction is functorial with respect to morphisms. Sketch of Proof. Let f = k≥0 f −k be the decomposition of our morphism f : V 1 → V 2 relative to the induced grading of Hom(V 1 , V 2 ). Then, in analogy with the proof of Theorem (4.5), direct computation shows that relative to the induced representation (N 0 , H, N + 0 ) on Hom(V 1 , V 2 ) we must have both
To relate this construction of Deligne to admissible variations, let us suppose we have such a variation V → ∆ * with limiting mixed Hodge structure (F ∞ , r W ). Then, because N is a morphism of (F ∞ , r W ) of type (−1, −1), we may apply Theorem (4.5) with
to obtain an associate grading:
Thus, motivated by these observations, let us call a triple (F, W, N ) admissible provided:
(A) The limiting weight filtration r W = r W (N, W ) exists.
(B) The pair (F, r W ) induces a mixed Hodge structure on each W k , relative to which N is (−1, −1)-morphism.
Then, mutatis mutandis, we obtain an associate grading
for each admissible triple (F, W, N ).
To study the dependence of the grading (4.15) upon the filtration F , recall that via the splitting operation described in [2] , we can pass from an arbitrary mixed Hodge structure (F, r W ) to a mixed Hodge structure (F , r W ) = (e −iδ .F, r W ) split over R. Moreover, a moment of thought shows
to be a morphism of admissible triples, hence
by the functoriality of Theorem (4.5).
To understand the power of this reduction to the split over R case, observe that every mixed Hodge structure which splits over R and has N as a (−1, −1)-morphism can be built up from the following two sub-cases:
(2) V = I p,0 I 0,p and N = 0.
via the operations of tensor product and direct sums. In particular, because Theorem (4.5) is compatible with these operations, we obtain the following result:
Proof. By virtue of the previous remarks, it will suffice to check the two sub-cases enumerated above. To verify the assertion for case (1), note that I p,p is the weight 2p eigenspace of r Y , and recall that by definition we must have Proof. There are two key steps:
(1) Show the monodromy weight filtration
is self-dual with respect to Q, i.e.
(2) Via semisimplicity, assume the pair (N, H) defines an sl 2 representation {e k , e k−2 , . . . , e 2−k , e −k } of highest weight k. Imposing self-duality, it then follows that Q(e i , e j ) = 0 unless i + j = 0, hence H is an infinitesimal isometry of Q.
q.e.d. 
The Nilpotent Orbit Theorem
In this section, we state and prove a precise analog of Schmid's Nilpotent Orbit Theorem. The setup is as follows: Let V → ∆ * be an admissible variation of graded-polarized mixed Hodge structure with unipotent monodromy action
Then, as discussed in §2, we may lift the period map ϕ to a holomorphic, horizontal map F : U → M which is defined on the upper half-plane U , and makes the following diagram commute:
Now, in order for the previous diagram to commute, the map F (z) must satisfy the following quasi-periodicity condition:
Therefore, in accord with §2, the variation V defines an untwisted period map
which sends the punctured unit disk ∆ * into the compact dualM. (ii) The nilpotent orbit F nilp (z) = exp(zN ).F ∞ extends to a holomorphic, horizontal map C →M. Moreover, there exists α > 0 such that 
Regarding the proof of Theorem (5.1), observe that part (i) is a direct consequence of the admissibility of V. Likewise, part (ii) is a direct consequence of Schmid's Nilpotent Orbit Theorem, applied to the variations of pure, polarized Hodge structure carried by Gr W .
To prove part (iii), recall from §2 thatM is a complex manifold upon which the Lie group
acts transitively. Therefore, given any element F ∈M and a vector space decomposition
the map u ∈ q → e u .F will be a biholomorphism from a neighborhood of zero in q onto a neighborhood of F inM. In particular, upon setting F = F ∞ , and shrinking ∆ as necessary, we see that each choice of decomposition (5.2) determines a corresponding holomorphic map
via the rule:
To make a choice of decomposition (5.2), we shall follow the methods of [13] and use the limiting mixed Hodge structure of V to define a grading of Lie(G C ):
Lemma 5.4 The limiting mixed Hodge structure (F ∞ , r W ) of an admissible variation of graded-polarized mixed Hodge structure defines a canonical, graded, nilpotent Lie algebra
with the following additional property: As complex vector spaces,
Proof. The details may be found in §6 of [13] . However, the idea of the proof is relatively simple: An element α ∈ Lie(G C ) belongs to the subspace ℘ a if and only if
To verify the decomposition (5.6), we observe that Proof. For simplicity of exposition, we shall first prove the result under the additional assumption that our limiting mixed Hodge structure (F ∞ , r W ) is split over R. Having made this assumption, it then follows from the work of §4 that:
(1) The associate gradings r Y = Y (F∞, r W ) and Y = Y (F ∞ , W, N ) are defined over R.
(2) The endomorphism r Y − Y is an element Lie(G R ). Consequently, because r Y preserves F ∞ ,
Therefore, combining these observations, we have the following result
In particular, upon setting
and recalling that r Y preserves F ∞ , it follows that
and hence 
. Therefore, denoting the maximal eigenvalue of ad r Y on q ∞ by r c, we have
because Γ(s) is a holomorphic function of s = e 2πiz vanishing at zero. In summary, we have proven that whenever the limiting mixed Hodge structure (F ∞ , r W ) of our admissible variation V is split over R and Im(z) is sufficiently large, the following distance estimate holds:
If the limiting mixed Hodge structure (F ∞ , r W ) is not split over R, we may obtain the same distance estimate by first applying Deligne's δ splitting: 
where r c is the maximal eigenvalue of ad( r Y ) acting on q ∞ .
As discussed in the introduction, the development of a full analog of Schmid's SL 2 Orbit Theorem is the intended topic of the next paper in this series. Nonetheless, at this juncture we can at least prove the following partial result:
Theorem 5.11 Let (F ∞ , r W ) be the limiting mixed Hodge structure associated to an admissible variation of graded-polarized mixed Hodge structure with unipotent monodromy action T = e N : V → V and for all z ∈ U with Im(z) sufficiently large.
Proof. Let r Y and Y denote the gradings associated to the split mixed Hodge structure (F ∞ , r W ) via the methods of §4. Then, a quick review of the proof of Theorem (5.9) shows that upon setting
• σ(y) = (y 
and hence
by Lemma D. Thus, upon combining these computations together with our assumption that q.e.d.
Technical Computations
To complete the proof of Theorem (5.1) and (5.9), we now shall prove Lemmas (A)-(D). Thus, for the remainder of this paper we shall assume that (i) Y is a grading of W which is defined over R.
(ii) α ∈ R and y > 0. Now, the first thing that we need to show is that given a graded-polarized mixed Hodge structure (F, W ), the pair (y αY F, W )
is also a graded-polarized mixed Hodge structure. As a first step in this direction, observe that upon setting F ′ = y αY F and suppressing the weight filtration W , we have 
However, decomposing Lemma C: Let b denote the minimal eigenvalue of Y and assume α < 0, then for any pair of points
Proof. Let γ : [0, 1] → M be a smooth path in M from F 1 to F 2 , theñ γ(t) = y αY γ(t) is a smooth path in M from y αY .F 1 to y αY .F 2 ; moreover ℓ(γ) = Thus for all smooth paths γ in M from F 1 to F 2 we have
from which it follows
by taking the infimum over all smooth paths γ in M from F 1 to F 2 q.e.d.
Remark Taken collectively, the previous three results imply the validity of Lemma (5.7).
Lemma D: Let (M, g) be a Riemannian manifold which is an open subset of a manifoldM upon which a Lie group G acts transitively, and | · | be a norm on Lie(G). Then given any point F 0 ∈ M there exists a neighborhood S of F 0 in M , a neighborhood U of zero in Lie(G) and a constant K > 0 such that u ∈ U, F ∈ S =⇒ e u .F ∈ M and d M (e u .F, F ) < K|u|
Proof. This is a standard result in the Riemannian geometry. The basic idea of the proof is as follows: The squared distance function
is C ∞ . Accordingly, upon selecting local coordinates (u 1 , ..., u n ) on M which vanish at F 0 , we can approximate the function d(x, y) 2 near F 0 via a second order Taylor polynomial. Moreover, because M is an open subset ofM and Lie(G) acts transitively onM , we may use the exponential map Lie(G) → G to define local our local coordinates (u 1 , ..., u n ) on M . In particular, upon computing the 2 nd order Taylor expansion of d(x, y) 2 relative to these coordinates, we obtain the desired result.
